Abstract. On X projective smooth over an algebraically closed field of characteristic p > 0, we show that all irreducible stratified bundles have rank 1 if and only if the commutator [π 1 , π 1 ] of thé etale fundamental group π 1 is a pro-p-group, and we show that the category of stratified bundles is semi-simple with irreducible objects of rank 1 if and only if π 1 is abelian without p-power quotient. This answers positively a conjecture by Gieseker [4, p. 8].
Introduction
Let X be a smooth projective variety defined over an algebraically closed field k of characteristic p > 0. In [4] , stratified bundles are defined and studied. It is shown that they are a characteristic p > 0 analog to complex local systems over smooth complex algebraic varieties. In particular, Gieseker shows [4, Theorem 1.10] (i) If every stratified bundle is trivial, then π 1 is trivial.
(ii) If all the irreducible stratified bundles have rank 1, then [π 1 , π 1 ] is a pro-p-group. (iii) If every stratified bundle is a direct sum of stratified line bundles, then π 1 is abelian without non-trivial p-power quotient. Here π 1 is theétale fundamental group based at some geometric point. He conjectures that in the three statements, the " if " can be replaced by " if and only if ". The aim of this note is to give a positive answer to Gieseker's conjecture (see Theorem 3.9).
The converse to (i) is the main theorem of [3] , and is analog to Malcev-Grothendieck theorem ( [10] , [5] ) asserting that if theétale fundamental group of a smooth complex projective variety is trivial, then there is no non-trivial bundle with a flat connection.
1.3])
, it is equivalent to the following definition. (The terminology is not unique: stratified bundles from the following definition are called flat bundles in [4] , F -divided sheaves in [2] ). Definition 2.1. A stratified bundle on X is a sequence of bundles E = {E 0 , E 1 , E 2 , · · · , σ 0 , σ 1 , . . .} = {E i , σ i } i∈N where σ i : F * X E i+1 → E i is a O X -linear isomorphism, and F X : X → X is the absolute Frobenius.
A morphism α = {α i } : {E i , σ i } → {F i , τ i } between two stratified bundles is a sequence of morphisms α i : E i → F i of O X -modules such that
/ / F i is commutative. The category str(X) of stratified bundles is abelian, rigid, monoidal. To see it is k-linear, it is better to define stratified bundles and morphisms in the relative version: objects consist of
i is a bundle on the i-th Frobenius twist X (i) of X,
is a O X (i) -linear isomorphism, and F i,i+1 : X (i) → X (i+1) is the relative Frobenius, the morphisms are the obvious ones. A rational point a ∈ X(k) yields a fiber functor ω a : str(X) → vec k , E → a * E 0 with values in the category of finite dimensional vector spaces. Thus (str(X), ω a ) is a Tannaka category ([2, Section 2.2]), and one has an equivalence of categories str(X)
where
is the Tannaka group scheme, and rep k (π str ) is the category of finite dimensional k-representations of π str . Let π 1 := πé (ii) If all the irreducible stratified bundles have rank 1, then [π 1 , π 1 ] is a pro-p-group. (iii) If every stratified bundle is a direct sum of stratified line bundles, then π 1 is abelian with no p-power order quotient.
Then Gieseker conjectured that the converse of the above statements might be true. In [3] , it is proven that the converse of statement (i) is true. The aim of this section is to prove the converse of (ii). We prove the converse of (iii) in Section 3.
The proof relies on the following theorem extracted from [3] , and which plays a similar rôle as the finite generation of the topological fundamental group π top 1 in complex geometry (see Remark 3.12) . Fixing an ample line bundle O X (1) on X, recall that E is said to be µ-stable if for all coherent subsheaves U ⊂ E one has µ(U) < µ(E), where µ(E) is the slope which is defined to be the degree of E with respect to O X (1) divided by the rank of E. Theorem 2.3. Let X be a smooth projective variety over an algebraically closed field k. If there is a stratified bundle E = (E n , σ n ) n∈N of rank r ≥ 2 on X, where {E n } n∈N are µ-stable, then there exists an irreducible representation ρ : π 1 → GL(V ) with finite monodromy, where V is a r-dimensional vector space overF p .
Proof. By the proof of [3, Theorem 3.15] , there is a smooth projective model X S → S of X → Spec k, with model a S ∈ X S (S) of a ∈ X(k), where S is smooth affine over F p , together with a quasiprojective model M S → S of the moduli of stable vector bundles considered in [3, Section 3] , there is a closed point u → M S of residue field F q , corresponding to a bundle E over X s , stable over Xs = X s ⊗F p , where s is the closed point u viewed as a closed point of S, such that ( [12] ). Let G be a finite p-group and ρ : G → GL(V ) be a representation on a vector space
Lemma 2.5. Let G be a finite group and ρ : G → GL(V ) be an irreducible representation on a finite dimensional vector space V over an algebraically closed field k of characteristic p > 0. If the commutator
Since V is an irreducible G-module, the sub-vector space spanned by the orbit
On the other hand, for all g 1 , g 2 , g ∈ G, one has Proof. One direction is the (ii) in Theorem 2.2. We prove the converse. Assume that [π 1 , π 1 ] is a pro-p-group. Let E = (E n , σ n ) n∈N be an irreducible stratified bundle of rank r ≥ 1 on X. Assume r ≥ 2. Then by [3, Proposition 2.3] , there is a n 0 ∈ N such that the stratified bundle E(n 0 ) := (E n , σ n ) n≥n 0 is a successive extension of stratified bundles U = (U n , τ n ) with underlying bundles U n being µ-stable. But E being irreducible implies that E(n 0 ) is irreducible as well. Hence all the E n are µ-stable for n ≥ n 0 . By Theorem 2.3, there is an irreducible representation ρ : π 1 → GL(V ) of dimension r ≥ 2 with finite monodromy over an algebraically closed field of characteristic p > 0. By Lemma 2.5, this is impossible. Thus r = 1.
Extensions of stratified line bundles
In this section, we prove the following theorem.
Theorem 3.1. Let X be a smooth projective connected variety over an algebraically closed field k of characteristic p > 0. If theétale fundamental group π 1 of X is abelian and has no non-trivial p-power order quotient, then any extension
is split when L and L ′ are rank 1 objects.
We start the proof by the following proposition, which can be considered as a generalization of [3, Proposition 2.4].
a L is isomorphic to L, for some non zero natural number a, where F X : X → X is the absolute Frobenius map. Then
is nilpotent if π 1 is abelian without non-trivial p-power quotient.
One has an exact sequence (recall that π 1 := πé
whereb is a geometric point of Y above the geometric pointā of X. Proof. Since π 1 is commutative, the kernel of any quotient map
where G is a quotient of π 1 , thus is commutative and has no p-power quotient. Since K splits in G, K = {1}.
Then, by [3, Proposition 2.4], there is an integer
is a zero map, which implies that
Proof of Theorem 3.1. By twisting with (L ′ ) −1 , we may assume that L ′ = I, the trivial object in str(X). We prove Theorem 3.1 by contradiction. If there exists a nontrivial extension
in str(X), then, by definition, there is a set
If E X is a finite set, then there are only finitely many non-isomorphic
We obtain a contradiction by Proposition 3.2.
If E X is a infinite set, by Theorem 3.4 below, there is a nontrivial extension
on a good reduction Xs of X (thus over F p ) such that for an integer
is isomorphic to the extension (3.2) modulo scale. Then, by using Proposition 3.2 to Xs, we obtain again a contradiction since πé t 1 (Xs, as), which is a quotient of π 1 via the specialization map, is also abelian without non-trivial p-power quotient. Here as is a specialization of the geometric pointā used to define π 1 .
Theorem 3.4. Let X be a smooth projective variety over an algebraically closed field k. If there exists an infinite set E X of equivalent classes of nontrivial extensions
We now prove Theorem 3.4. Let X S → S be a smooth projective model of X/k, endowed with a section, where S is a smooth affine irreducible variety over F q with H 1 (X, O X S ) = H 0 (S, O S ). So X S → S has smooth projective geometrically irreducible fibers. Then we have Proposition 3.5. There exists a reduced S-scheme M → S of finite type and a rational map f : M M over S such that (1) For any field extension K ⊃ F q , the set M(K) = {e} of Kvalued points consists of isomorphism classes of non-trivial extensions L ֒→ V ։ O Xs modulo scale on X s , where X s is the fiber of X S → S at the image s ∈ S(K) of e ∈ M(K). 
, ∀ i ∈ N, so they are infinitely p-divisible, thus lie in Pic τ (X)(k), the group of numerically trivial line bundles over k ( [8, 9.6] ).
We first assume L = I. We shrink S so that H 1 (O X S ) is locally free and commutes with base change. Let
is the moduli space of isomorphism classes of non-trivial extensions
F S , F X S are the absolute Frobenius and F : X S → X ′ S is the relative Frobenius. Then the "Frobenius pullback" induces
which is O S -linear and commutes with base change. Let
be the universal rank one quotient, which, pulled back by the absolute Frobenius
By the universal property, this is the same as a rational map
over S. To see that f satisfies (3), let e → M be a point with image
where X s is the fiber of X S → S at s → S. Then f is well-defined at e → M if and only if the O M -linear map
at e → M is surjective. By definition, this is equivalent to saying that the O S -linear map (3.3) at s → S, which is
denotes the corresponding class of e = (O Xs ֒→ V ։ O Xs ). Since 
define points e i → M over s = Spec (k) → S, and f is well-defined at e i with f (e i ) = e i−1 for i > 1. This finishes the proof if L = I.
If L = I, after removing a finite number of elements in the set E X , we can assume that all line bundles { L i } i∈N occurring in E X satisfy
Let Pic τ X S → S be the torsion component of the identity of the Picard scheme [8, 9.6] . Let L be the universal line bundle on X S × S Pic
with its reduced structure. By semi-continuity of cohomology, it is a closed sub-scheme of Pic
If N i is defined, let
By the noetherian property,
Then, there is a k 0 ≥ 0 such that
, where
We define T ⊂ N k 0 → S with its reduced structure to be the subscheme
It is open in N k 0 . Let L be the restriction of universal line bundle on
is neither commuting with base change nor locally free in general, where p T : X S × S T → T is the projection. However,
may not be locally free, but does commute with base change since
There exists a quotient scheme π : M = P(E) → T together with (1) and (2) in the proposition (replacing M by M red if necessary). The rest of the proof is devoted to the construction of a rational map f : M M over S, which satisfies the property (3) in the proposition. Let F : X S × S T → (X S × S T ) ′ denote the relative Frobenius morphism over T . We write
and ω (resp. ω ′ ) be the relative canonical line bundle of 
and where η is a line bundle on T 0 . We abuse notations and still write ω for the relative dualizing
T 0 E, and those identities commute with base change. By Lemma 3.6, we have 
Here F T 0 , F M 0 are the absolute Frobenius morphisms satisfying M 0
. Then there exists a unique morphism
. By definition, one has the factorization For any point t → T , let s → S be its image under T → S, and X s be the fiber of X S → S at s → S. Then the diagram (3.5) specializes to
By Serre duality, we have the induced k(t)-linear map
Serre duality allows to make (3.6) in families: Lemma 3.6. There exists a homomorphism
is commutative for any t → T , where τ is the canonical base change isomorphism, and φ t is the homomorphism in (3.6).
Proof. Let ω (resp. ω ′ ) be the relative canonical line bundle of
T be the relative Frobenius morphism in (3.5), which is flat and Cohen-Macaulay as
vector bundles induces the surjection of vector bundles
Duality theory for the Cohen-Macaulay map F :
Equations (3.7) and (3.8) imply that one has a surjection
For any t → T , let X t be the fiber of X T → T , and F t : X t → X ′ t be the relative Frobenius. Then (3.10) ⊗ k(t) induces (through τ )
) which is induced by ϕ := (3.9) ⊗ k(t). Then the surjection of vector bundles on X
is dual, by taking Hom(·, ω (3.12) , this finishes the proof.
To prove Theorem 3.4, the key tool is a theorem of Hrushovski. In fact, we only need a special case of his theorem [6, Corollary 1.2] .
M induces a dominant rational map f : Z k Z k , and thus a rational dominant map
We consider one irreducible component of Z k , and its model Z irr → S, which is a geometrically irreducible component of Z over F q . There is an integer a 1 > 0 such that f a 1 : Z irr Z irr is a dominant rational map over a finite field F q .
To prove that Z irr contains a periodic point of f a 1 , without loss of generality, we can assume that Y := Z irr ⊂ A r is an affine variety and
be the Zariski closure of the graph of f a 1 , which is irreducible over 
Thus f a 2 a 1 (x) = x q a 2 m = x when a 2 is large enough. The point
up to scale. This finishes the proof of Theorem 3.4 and thus of Theorem 3.1.
Theorem 3.9. Let X be a smooth projective variety over an algebraically closed field k of characteristic p > 0, then: (i) Every stratified bundle on X is trivial if and only if π 1 is trivial.
(ii) All the irreducible stratified bundles have rank 1 if and only if [π 1 , π 1 ] is a pro-p-group. (iii) Every stratified bundle is a direct sum of stratified line bundles, that is str(X) is a semi-simple category with irreducible objects of rank 1, if and only if π 1 is abelian with no non-trivial p-power quotient.
Proof. (i) is the main theorem of [3] . (ii) is Theorem 2.6. To show (iii), assume that π 1 is abelian with no p-power order quotient. Let E = (E n , σ n ) n∈N be a stratified bundle on X. By (ii), any irreducible stratified bundle has rank 1. Thus there is a filtration 0
are rank one stratified bundles. Then, by Theorem 3.1, the filtration splits and E is a direct sum of rank 1 objects.
We now comment on analogs of (ii) and (iii) in complex geometry. For this reason, we include here the following lemma, which may have an independent interest. Lemma 3.10. Let G be a commutative group scheme over an algebraically closed field k such that all its quotients in G m are smooth. Let ℓ be a non-trivial character of G. Then
Proof. Let χ : G → G m = Aut(ℓ) be the non-trivial character, and let σ : G → ℓ be a cocycle representing a class in H 1 (G, ℓ). By definition of a cocycle, one has σ(gh) = χ(g)σ(h) + σ(g). The commutativity of G implies
As χ is non-trivial, and Im(χ) ⊂ G m is assumed to be smooth, there is a h ∈ G(k) such that
Set v = (χ(h)−1) −1 σ(h) ∈ ℓ. Then, by (3.2), one has σ(g) = χ(g)v −v, which means that σ is a coboundary. Thus H 1 (G, ℓ) = 0.
Remark 3.11. The same proof shows that if X is a smooth complex variety, with abelian topological fundamental group, and if ℓ is a nontrivial rank 1 local system, then H 1 (X, ℓ) = 0. Indeed, G is now π top 1 (X, a), the topological fundamental group based at a complex point a ∈ X(C), and non-triviality implies the existence of h ∈ G with (χ(h) − 1) ∈ C × = Aut(ℓ). One then concludes identically.
This fact ought to be well known, but we could not find a reference in the literature. Remark 3.12. As already mentioned in the introduction, the MalcevGrothendieck theorem ( [10] , [5] ) asserts that theétale fundamental group π 1 of a smooth complex projective variety is trivial if and only its stratified fundamental group π str is trivial, where π str is the pro-affine complex algebraic group of the Zariski closures of the monodromies of complex linear representations of the topological fundamental group π → GL(r, κ(s)) is irreducible as well, where κ(s) is the residue field of s. As ρ ⊗ κ(s) is finite, it factors through π 1 , thus r = 1. Since a linear representation with finite monodromy is semi-simple, one can summarize as follows: Claim 3.13. π 1 is 1) finite, 2) resp. abelian, 3) resp. abelian and finite if and only if π str 1 1) finite 2) resp. abelian, 3) resp. abelian and finite if and only if 1) local systems have finite monodromy, 2) resp. irreducible local systems have rank 1, 3) resp. local systems are direct sums of rank 1 local systems.
While the main result of [3] is an analog in characteristic p > 0 of Claim 3.13 1), the main theorem of this note is an analog of Claim 3.13 2) and 3).
